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2Abstract. The Koch snowflake KS is a nondifferentiable curve. Hence, any
attempt to define reflection in the boundary may seem like an exercise in
futility. In this paper, for each integer n ≥ 0, we describe the periodic orbits of
the prefractal billiard Ω(KSn) (the nth inner rational polygonal approximation
of the Koch snowflake billiard). Moreover, we use this information in order
to define and describe a particular collection of periodic orbits of the Koch
snowflake billiard Ω(KS).
In the finite case, an orbit of Ω(KSn) can be reduced to its Poincare´
section, which simply amounts to a finite collection of points in the boundary of
the prefractal billiard. We show that, for each n ≥ 0, the collection of directions
for which the billiard flow on Ω(KSn) is closed is exactly the collection of
directions for which the billiard flow on Ω(KS0) is closed. Such a result relies
on the fact that the corresponding flat surface S(KSn) (n ≥ 1) is shown to be
a branched cover of the flat surface S(KS0), the hexagonal torus. Extending
this result, we define what we call a compatible sequence of periodic orbits.
Focusing on the direction given by an initial angle of pi/3, we define 1) a
compatible sequence of piecewise Fagnano orbits, 2) an eventually constant
compatible sequence of orbits and 3) a compatible sequence of generalized
piecewise Fagnano orbits.
In the case of the infinite (fractal) billiard table, we will describe what
we call stabilizing periodic orbits of the Koch snowflake billiard Ω(KS). An
eventually constant compatible sequence of periodic orbits is comprised (for all
but finitely many) of C -orbits (or what we also call stabilizing periodic orbits).
We show that the trivial limit of an eventually constant compatible sequence
of periodic orbits is, in fact, a periodic orbit of Ω(KS). In a sense, we show
that it is possible to define billiard dynamics on a Cantor set.
In addition, we will discuss the geometric and topological properties of
what we call the footprint of a piecewise Fagnano orbit. We will show that the
inverse limit of the footprints of orbits of the prefractal approximations (or,
the Poincare´ sections of the respective orbits) exists in a specific situation and
provide a plausibility argument as to why such an inverse limit of footprints
should constitute the footprint of a well-defined periodic orbit of Ω(KS). Us-
ing, in particular, known results for the inverse limit of a sequence of finite
spaces, we deduce that the footprint (i.e., the intersection of the orbit with the
boundary) of a piecewise Fagnano orbit is a topological Cantor set and even,
a self-similar Cantor set.
We allude to a possible characterization of orbits with an initial direction
of pi/3. That is, we provide support for a complete description of periodic orbits
in the direction of pi/3. Such a characterization would allow one to describe
an orbit with an initial direction of pi/3 of the Koch snowflake billiard as
either a piecewise Fagnano orbit, a stabilizing orbit or a generalized piecewise
Fagnano orbit. We then close the paper by discussing several outstanding
open problems and conjectures about the Koch snowflake billiard Ω(KS), the
associated ‘fractal flat surface’ and possible connections with the associated
fractal drum D(KS) via fractal analogues of Gutzwiller-like trace formulae.
These problems and conjectures have natural counterparts for other frac-
tal billiards. In the long-term, the present work may help lay the foundations
for a general theory of fractal billiards.
1. Introduction
The Koch snowflake curve, as depicted in Figure 1, is a fractal. In particu-
lar, it is the union of three self-similar Koch curves, with the Koch curve being a
continuous, nowhere differentiable curve with infinite length (see Figures 2 and 3).
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Consequently, any attempt to construct a line tangent to the Koch snowflake curve
may seem like an exercise in futility. This poses a unique problem for defining the
trajectory of a billiard ball (i.e., a pointmass traversing the interior of the planar
region bounded by the Koch snowflake KS). Specifically, when this pointmass col-
lides with the boundary KS with unit speed, the absence of a well-defined tangent
results in multiple choices for the angle of reflection, meaning there is a priori no
well-defined angle of reflection. In [LaNie1], we provided experimental evidence
in support of the existence of certain periodic orbits of the Koch snowflake billiard
Ω(KS). Moreover, in [LaNie1], we stated several conjectures about the existence
of a well-defined billiard Ω(KS) and the dynamical equivalence between the con-
jectured billiard flow on Ω(KS) and the associated geodesic flow on the proposed
corresponding ‘fractal flat surface’. One of the main objectives of the present paper
is to investigate what one means by reflection in the snowflake boundary and to
establish the existence and describe the topological and geometric properties of par-
ticular families of periodic orbits (and/or of their footprints) of the Koch snowflake
billiard Ω(KS).
In short, the point of view adopted here is to define certain “periodic orbits”
of Ω(KS) as suitable (inverse) limits of certain “compatible sequences” of periodic
orbits of its (inner) rational polygonal billiard approximations Ω(KSn). Using this
definition and a study (conducted in §3) of the periodic orbits of the nth prefractal
billiard approximation Ω(KSn), for each fixed n ≥ 0, we characterize and describe
(in terms of the ternary expansion of their initial basepoint) the periodic orbits
with an initial direction making an angle of pi/3 with the horizontal in Ω(KS0).
More specifically, we are able to construct what we call the footprint of the
primary piecewise Fagnano and piecewise Fagnano orbits, and stabilizing periodic
orbits of Ω(KS) (all in the direction of pi/3). As of now, the only family of well-
defined orbits of the Koch snowflake billiard Ω(KS) is the family consisting of what
we call stabilizing orbits. That which we propose to be a piecewise Fagnano orbit
of Ω(KS) has a footprint F(x00) that is the inverse limit of footprints (of piece-
wise Fagnano orbits) of the prefractal approximations. A footprint of a prefractal
approximation amounts to the Poincare´ section of the billiard map describing the
billiard flow on the corresponding phase space. While we say “piecewise Fagnano
orbit,” we are making an abuse of language in that we do not mean to imply that
an orbit actually exists, but that whatever the orbit truly is, it has a footprint
F(x00). Furthermore, even less is known about what we have called the generalized
piecewise Fagnano orbits. Again, there really is no orbit to speak of, nor is there
any footprint to speak of. We discuss all of these ‘orbits’ in §4 and §5 with differing
degrees of rigor, sometimes only providing a plausibility argument as to why a given
orbit should have a particular property.
This paper draws upon various subjects in mathematics. So as to accommo-
date a diverse audience of readers, we make a considerable effort in developing the
necessary background material in §2. In particular, we give a thorough description
of the billiard flow associated with a billiard table Ω(B) with (piecewise) smooth
boundary B. We also recall the notion of a flat surface and how one can construct
a flat surface from a rational polygonal billiard table (that is, a planar billiard table
whose boundary is a polygon with interior angles that are rational multiples of pi).
In this context, a flat surface is a mathematical device used to rigorously describe
the billiard flow on Ω(B) in terms of the geodesic flow on the surface. In addition,
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Figure 1. The Koch snowflake curve KS and its prefractal ap-
proximations KSn, for n = 0, 1, 2, ..., 6.
Figure 2. The Koch curve KC and its prefractal approximations
KCn, for n = 0, 1, 2, ..., 6. The Koch curve is self-similar, meaning
that there are scaled (and rotated/reflected) copies of the Koch
curve found as subsets of KC. In this figure, we circle four copies
of KC scaled by 1/3. In general, one can find 4n copies of the
Koch curve scaled by 1/3n as subsets of KC such that the disjoint
union (disjoint except at the endpoints of each copy) comprises the
whole Koch curve. This is, in fact, the essence of self-similarity.
By abuse of language, we say that the Koch snowflake curve itself
is “self-similar”; see Figure 3.
Figure 3. The self-similarity of the Koch snowflake curve KS.
Shown here is the Koch snowflake curve KS, viewed as the union
of three isometric, abutting copies of the Koch curve.
we recall the definition of inverse limit and explain how the Cantor set C can be
viewed as the inverse limit of an inverse limit sequence of its prefractal approxima-
tions, denoted by Cn, with the index n corresponding to the approximation with
2n many points.
Similarly, the snowflake curve KS can be viewed as the inverse limit of its
prefractal approximations KSn. Here, KSn is the nth (inner) polygonal approx-
imation to KS, and hence defines a rational polygonal billiard table Ω(KSn).
Since the theory of rational polygonal billiards is very well developed (see, e.g.,
[GaStVo,Gu1,GuJu1–2,HuSc,KaHa2,KaZe,Mas,MasTa,Ve1–3,Vo,Zo]), it is then nat-
ural to define the dynamics on the fractal “billiard table” Ω(KS) in terms of the
dynamics on its prefractal approximations Ω(KSn). As a result, much of the focus
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of this paper will be to first obtain a good understanding of the periodic orbits of
Ω(KSn), and then to provide a plausibility argument as to why we can view piece-
wise Fagnano orbits on Ω(KS) as suitable (inverse) limits of appropriate sequences
of piecewise Fagnano orbits on Ω(KSn), for n ≥ 0.
It is our intention that those familiar with the topic of mathematical billiards
and not fractal geometry find readily accessible the basic notions of self-similarity
and that of an iterated function system (IFS). We briefly describe these notions
by means of a simple example in §4.1 and refer the reader to various references
for further details (e.g., [Ba, Ed, Fa]). So as to accommodate readers from the
physical sciences, we also attempt to explain the necessary concepts from topology
and geometry. As such, the interested reader will find references to [Ma] for further
details on covering spaces, [McL] for category theory, [Bo] for general topology and
[HoYo] for the specialized topic of inverse and direct limits in the context of the
category of topological spaces.
In §3, we begin the discussion of our results. We prove that the prefractal flat
surface S(KSn) associated with the Koch snowflake prefractal billiard Ω(KSn) is
a branched cover1 of the hexagonal torus S(KS0). We then use this result to show
that initial directions of periodic orbits in the billiard Ω(KS0) are exactly the initial
directions of periodic orbits in the billiard Ω(KSn), and vice-versa.
This key fact serves as the foundation for §4. It is there that we develop much
of the machinery necessary to describe what we call compatible sequences of periodic
orbits. Further discussion about the nature of particular points in the unit interval
I (which we always view as the base of the equilateral triangle KS0 := ∆) gives rise
to specific compatible sequences. We note that §4 is very dense, serving as a strong
foundation for §5. While the addressing system used in §5 (and introduced and
used in [LaPa]) may seem to make some of the tools developed in §4 redundant, in
principle, many of the proofs of the results in §5 demonstrate the interconnectedness
of the two sections, making the implicit (and even explicit) dependence of §5 on §4
readily apparent.
Therefore, we model the structure of §5 on that of §4, so as to allow the reader to
draw parallels more quickly and to see how the results in §4 influence our later study
of the periodic orbits of the Koch snowflake billiard. In §4, we show that directions
for which an orbit On(x
0
n, θ
0
n) of Ω(KSn) are periodic are exactly the same for which
an orbit O0(x
0
0, θ
0
0) of Ω(KS0) is periodic. This aids us in constructing what we call
a compatible sequence of closed orbits. We focus our investigation on orbits with an
initial direction of pi/3. As such, we describe what we call a compatible sequence of
piecewise Fagnano orbits, an eventually constant compatible sequence of orbits and
compatible sequence of generalized piecewise Fagnano orbits. The period and length
of piecewise Fagnano orbits, C -orbits and generalized piecewise Fagnano orbits of
Ω(KSn) are given in terms of the ternary representation of the initial basepoint
of the initial orbit of the respective compatible sequence of periodic orbits. In
§5.3.1 and §5.4, we describe the topological and geometric properties of what we
call the footprint of a piecewise Fagnano orbit and stabilizing orbits (or C -orbits),
respectively. In §5.5, we then provide a plausibility argument for the existence
of what we call a piecewise Fagnano orbit of the Koch snowflake billiard Ω(KS).
Finally, we close §5 by conjecturing the existence of generalized piecewise Fagnano
orbits of the Koch snowflake billiard Ω(KS).
1We briefly discuss the definition of branched cover in §3.
